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BEAM TRAPPING IN THE
NRL MODIFIED BETATRON ACCELERATOR

Introduction. - Currently, several laboratories' - ;re engaged in studies to assess the

feasibility of compact, high current accelerators. Among the various accelerating schemes

presently under investigation is the Modified Btetatron Accclcrator (MDA). Thiib device is

under study at the University of California, Irvine 2 and also at the Naval Research Labora-

tory (NRL). Since the initial successful demonstration of acceleration 1 approximately two

years ago, the NRL-MBA has achieved 9 trapped currents as high as 1.5 kA and energies

approximately 18 MeV. The beam lifetime that is typically 700-900 psec is limited by the

cyclotron resonance.

Following the installation of strong focusing windings9' 10 in the NRL device it is

routinely observed , " that for several combinations of injection parameters the beam

consistently spirals from the injection position to the magnetic minor axis and is trapped.

Thp explanation of this interesting phenomenon has been so far elusive. However, a fair

understanding of the trapping mechanism is not only of academic interest but a necessity

for any upgrading of the existing or the construction of a new device.

In this paper we report recent experimental results on the trapping of the beam in

the NRL-MBA. The results are in agreement with a revised model of resistive trapping1 2 .

Two modifications have been introduced to the original model. First, the beam m t--" !.

not limited near the minor axis and therefore nonlinear effects and the fast diffusion times

that scale as po(b - a) 2 /ir 2p, where (b - a) is the thickness of the chamber and p is the

wall resistivity, become important. Second, in order to take into account the intermediate

motion 10 of the beam that has been omitted in the calculation of the image fields of the

beam, the wall surface resistivity is computed using the skin depth that corresponds to

the frequency of the intermediate mode and not the actual thickness of the chamber.

There are three distinct groups of diffusion times with which the self magnetic field

of the beam leaks out of a resistive torus. The shortest are the "plane" characteristic

times 7-,k ; go(b - a) 2 /ir2 pk2 - = -L- where k = 1,2,3... The "plane" diffusion
k2  V

Manuscript approved April 3. 1991.



times are important when the beam is near the wall. The "cylinder" diffusion times are

rmo ! Tb/rn / = T/m= oa(b - a)/2pm, where m = 1,2,3... Both rp and rc determine the

speed with which the self magnetic field of the beam penetrates the wall of the chamber

and are instrumental in the resistive trapping of the beam. Finally, the "loop" diffusion

time r00 =- re = 2r, [en"-r - 2], where ro is the major radius of the torus, determines

the speed with which the beam field diffuses into the hole of the doughnut. The "loop"

diffusion time does not play any role in the resistive trapping of the beam.

The resistive trapping is due to the negative radial component of the image magnetic

field of the beam that acts on its centroid, when such a beam moves poloidally inside a

resistive chamber. This field component crossed with the axial (toroidal) velocity of the

beam produces a poloidal force, which is in the opposite direction to the poloidal motion

of the beam. In the absence of the strong focusing and when the self-fields dominate

the external fields (high current regime), the poloidal force in conjunction with the axial

(toroidal) magnetic field drives the beam to the wall (drag instability13 ). However, in the

presence of strong focusing the direction of the poloidal motion can be reversed and the

beam spirals to the minor axis. 12

Brief Description of the Experiment. - The NRL modified betatron has been

described , 14 previously. In this paper we give, for completeness, a short description

of its basic components. The NRL-MBA is a toroidal device that comprises three different

external magnetic fields; the betatron field B. that can vary from 0-2.7 kG, the toroidal

field Be that can vary between 0-5.1 kG and the strong focusing field that has a maximum

gradient between 0-31 G/cm, when the current ISF in the windings varies from 0-30 kA.

The 100-cm major radius, 15.2-cm-inside minor radius vacuum chamber has been

constructed using epoxy-reinforced carbon fibers. The desired conductivity is obtained

by embedding in the outer layer of graphite a phosphor bronze screen. The measured dc

resistance of the toroidal vessel is 68±2mll and the corresponding surface resistivity is 10.3

mfl on a square. The graphite surface resistivity is 26.6 mfl on a square.

The electrons are emitted from one-end-face of a cylindrical carbon cathode. The

other end-face is mounded on the cathode stalk. The emitting surface of the cathode faces

the circular opening of the conical anode, that is located on the midplane of the device 8.7

cm from its minor axis.

Experimental Results. - Over a wide range of parameters and after fine tuning the

external fields the beam spirals from the injector near the minor axis and is trapped. The
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beam trapping time, i.e., the time it takes the beam to travel from the injection position to

the vicinity of the minor axis is determined by measuring the time delay between the x-ray

peaks that are generated at injection and at a 1 x 1.1-cm, 0.8-mm thick lead target that

is located on the magnetic minor axis. The lead target is mounted on the front surface

of a 3-gm-thick polycarbonate foil that is stretched across the minor cross section of the

vacuum chamber as shown in Fig. la. The x-rays are monitored by a collimated x-ray

detector that is located 4-m away from the lead target. The scintillator-photomultiplier

tube is housed inside a lead box and the x-rays enter the scintillator through a 3-..m-dia.

hole. The foil is graphite coated on the upstream side to avoid charging. Figure lb shows

an open-shutter photograph of the light emitted as the beam passes through the foil. The

x-rays emitted as the beam strikes the diode and the lead target are shown in the upper

trace of Fig. 1c. The trapping time T tr for this shot is 1.25 psec. The lower trace of Fig.

1c shows the output of the Rogowski coil that monitors the beam current. The peak of

the signal corresponds to 1.2 kA.

The results shown in Fig. 1 were taken with a 0.5-cm hole in the anode. This hole

is by a factor of three smaller than that used regularly in the NRL device. Thus, the

trapped current has been reduced by a factor of 2-3. This reduction in the beam current

was necessary in order to achieve satisfactory resolution in the open-shutter photographs.

To determine the effect of the foil on the transverse beam orbit, we carried out a series

of experiments in which the 3-igm thick foil was replaced with a foil of the same composition

but with only half its thickness. The results show that the equilibrium position of the beam

is slightly larger in the case of 1.5 gm thick foil. It requires approximately 1-2 G higher

vertical field (- 4 - 8%) to shift the equilibrium to its original position and make the orbits

identical.

As the electrons pass through the plastic foil, they suffer both inelastic and elastic

scattering. The stopping power1 5 of 0.6 MeV electrons passing through polyethylene (data

for polycarbonate are not available) is - 2 (MeV-cm 2 )/gm. Thus, the energy loss per pass

is 0.6 keV. The total energy loss in 1.2 psec, i.e., in sixty revolutions around the major axis

is 36 keV or -6%. The energy loss in the thinner foil is only 18 keV and therefore, the

equilibrium position is expected to increase by 3% when tile thickness of the foil is reduced

to half. This shift is not substantially different to that observed in the experiment. The

elastic scattering induced RMS angle is 0.90 for the first pass through the 1.5 Pm thick

foil. Although substantial, the elastic scattering does not contribute to the shift of the

equilibrium position.
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The beam orbits are very reproducible and fr, shows only modest variations for the

same operating parameters. Figure 2a shows rt, for seven shots taken with the same values

of the field.;. It is apparent from this figure that rt, varies by ±7%. In a second run with

five shots the variation was even smaller. Figure 2b shows rt vs. B0 for constant IsF/Bo.

For all practical purposes rt remains constant in the narrow range tested.

In addition to rt, the bounce period TB, i.e., the time the beam takes to perform

a complete revolution in the poloidal direction, is of special interest. To determine rB,

the foil target was removed and replaced with a 1.1-cm wide, 1-mm thick, 16-cm long

lead strip. The lead target is backed on the upstream side, by a thin plastic strip and is

mounted of a half lucite ring that is carbon coated. The symmetry axis of the target lies

on the midplane of the device as shown in Fig. 3a.

The light emitted from the upstream side of the target when the beam strikes it, is

monitored with an open shutter camera. Results are shown in Fig. 3b. The x-ray signal

and the output of the Rogowski coil that monitors the beam current are shown in Fig. 3c.

The bounce period is inferred from the time delay of the two x-ray peaks, as indicated in

Fig. 3c, and in this shot is 840 nsec. The damage pattern on the lead strip has a diameter

that is equal to the diameter of the anode hole. This implies that the diameter of the

beam has not changed after about 40 revolutions around the major axis. In addition, we

observe that the damage pattern is a semi-circle that is located always near the lower edge

of the strip. From this observation it may be concluded that the beam drifts 3mm over 20

nsec, i.e., its bounce speed near the strip is -' 15 cm/,usec.

To verify that there is not correlation beteen rt,- and re, i.e., with the speed the beam

magnetic field diffuses into the hole of the doughnut, the vacuum chamber was unbolted

in two joints that are located 1800 apart in the toroidal direction and a ring insulator

was inserted in each of these joints. Sixty carbon resistors, 5111 each were symmetrically

mounted on the outer surface of one of the two rings as shown in Fig. 4a. To improve

its voltage holding capabilities the inner surface of the blue nylon insulator was angled

and a 0.6 cm deep groove was machined at its plane of symmetry. In addition, its inner

surface was protected from stray electrons by a 0.8 mm thick lead strap that is supported

by an epoxy reinforced carbon fiber belt. The purpose of the second insulator was only to

minimize the distortion of the toroidal chamber and thus shorting wide straps, instead of

resistors, were installed on its outer surface.

There are two distinct currents flowing on the wall of the vacuum chamber. The first i

is due to the rising vertical field and the second I, is induced by the beam. Since the vertical
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field during the first quarter period varies as Bz(t) = Bzp sin(27rt/r), where Bzp is the peak

field and r is the period, the induced voltage in the chamber is V = -Vo cos(27rt/r), where

Vo = (47r 2r2/r)Bzp and r0 is the major radius of the torus. The current flowing on the wall

of the chamber is described by the equation V = L d  +Riw, where L is the inductance anddt

R the resistance of the torus. The instantaneous value of i, can be found by integrating

the above equation and is given by
V[ 2rL/R-/(R)

w R V cos(27rt/r) + 2- sin(27rt/r) - e t(LR) (1)

with the initial condition iw(t = 0) = 0.

The temporal profile of i,, predicted by the above simple model is identical to that

predicted from the exact solution of the diffusion problem for a toroidal resistive shell' 6

and also is in good agreement with the results of TRIDIF code for a finite thickness toroidal

vessel. According to Eq.(1), i has a maximum at time tp, which for a = 27r(L/R)/r <<

1 is determined from a 2 [1 - tp/(L/R)i = _e - t /(L/R) . The peak value of the current

is iP = V/R. The measured peak value of the current in the experiment is in good

agreement with the above theoretical prediction and scales, as expected, with the value of

the resistance at the gap.

The return current of the beam is measured with a fast Rogowski coil (rrie l 20nsec)

that is located in the outside of the vacuum chamber. With the resistors at the gap

shorted, the Rogowski coil shows a slowly rising current that is consistent with the decay

of I,. However, when the shorting clips are removed the Rogowski coil shows a current

pulse that rises to - 2/3 of its peak value in less than 100 nsec as shown in Fig. 4b. The

lower trace in Fig. 4b shows the voltage across the resistors V. as measured directly by a

Tektronix 7844 oscilloscope after a 100 X attenutation. The shape of the time integrated

V 9 is very similar to the current waveform registered by the Rogowski coil, i.e., Vg is

proportional to the time derivative of the current.

Comparison with Theory - The equations that describe the motion of the beam cen-
troid have been solved numerically using analytical expressions for B. and B6 . The stel-

larator fields are determined numerically from Biot-Savart law by dividing each period

of the windings into twenty segments. The image fields on the beam centroid have been

computed anaiytically for a uniform density electron ring that is located inside a large

major radius torus with resistive wall of thickness b-a, where a is the inner and b the outer
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radii of the torus. In contrast with previous calculation12 , the beam is not limited near

the minor axis.

In the local cylindrical coordinate system (p, 0, z) with its origin on the geometric

minor axis, the electrostatic potential inside the ring is given by'"

Qe na + 1p 2 + A 2 - 2Apcos(q - a)
27ro rb 2 2 2r 2

b

+In I+ -A ) 2 -2 APcos(O-a) (2)

where A and a define the beam position on the transverse plane, rb is the minor radius of

the beam and Qf is the charge per unit length. Similarly, the magnetic vector potential

inside the beam is 1 7

'oo 00 oU(c

A 8 0  + E o k (t)
C

k=O

+ 3 ( Am P () [Uc(t)cos MO+U()(t)sinm ] (3)
m=1 k=o a km

where /O is the normalized toroidal beam velocity.

The time denpndent coefficitnQ U (c) t, U (')(t are zero 2t t = 0 and are dotermined

by the differentia! equations

(C) (c) Q063  C a (4)
mic + T " 0Cmk - cos mao, (4)

Tre+ k 27r EO)c7rk \a

U(s) 1._ () Qe,3e (A m 
Tnmk + k - - sinma, where 1 a- k

rink 2
lrEOCrmk a / Tmk P1"

m = 0, 1,2.... k = 0, 1, 2,

a is the wall conductivity of the toroidal chamber and amk are the zeros of the function

fo(a) = xoJ,(zo)Yo(x,) - Y,(xo)Jo(xi)]
2

2 (nb 2) xoxl JJI(xo)YI(xl) - Yj(xO)Jl(xj)],(5

when m 0, and

7r

fO(a) = -XozX IJM+i(Xo)YM-i(Xi) - Ym+('o)Jm-('i)j, (6)
4

6



when m71,2,3,... The arguments of Bessel functions in (5) and (6) are x, aa, xI - Ob

and Rb is the major radius of the beam. For each m there is an infinite number of zeros

denoted by the index k = 0,1,2,. The time independent coefficients Aok, Amk, that appear

in the vector potential are equal to

Ak 2g (k)
Am fmkf'(amk)'

where f' (a) is the derivative of fm (a) and

) [Jo(xo)Xo(x) - Yo(xn)Jo(xi)]

2

2 ( in~! b 2) X, JO(Xo)NYi(Xi) - Yo(x-O)i(XIi.

when m=0, and
ir

gm (a) = 7x 1 IJ (m(X0 )Ym-I(X) Ym(Xn)Jm-i(X)

when m= 1,2,3,... The image fields at the beam centroid, i.e., when p 'A and 0 n, are

obtained from the expressions of (P0 and Ac given above.

The radial components BC) at the beam centroid is of special interest because it is

responsible for the inward radial motion of the beam. This component is given by

r 0O 0 0 / f \m - l

B c) Y Ak ,,(t) cosMa(t) + Ti (t) sin ,na(t)] (7)a " a/
m=1 k=o

Since B1c' is independent of Aok and U(" i.e., iL is independnct of loop .-: rer
P ~ok

the beam trapping time should also be independent of re as observed in the experiment.

To gain further insight, we have computed the image fields, including first order

toroidal corrections, at the beam centroid for a beam inside a resistive toroidal shell. In

this case, B ( c.

Bal - sin a [ Qefo (ina + IP Rb [4rf(c rb I

+ Qefle en 1 A_)__2 _ Q6/J0 (rb )2 1
47rEoc ~ at) 167rcoc a Ii-()212
13 .1 U((t)cosma(t) + U} (t)sin ma(t)

m= 1
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- (fn"'L~ - 2) L('~(t) ,+T)t

+ _ - ujJ4(t) + (TQ'(t) - 14- (t)) cosmo
a an-_

+ + 1,(1(t)) sin ma(t) (8)

where the time-dependent parameters U(o)(t), 17( 1) (t), U(°)(t), t," (t), U"An(t), L7,,.(t),

1CM)(t) and V',)(t) are zero at t = 0 and are determined by the differential equation!.

(r J- _ -+rI +{
CR - 47rf 0 c re , b 

("1) 1 1() 1
0 +rc 0 2rc (

(T (0) + M Ur(0) -
2Qe/3 p m A( M

--m - crm k-- cosmTO.,Src  47rEOc r, a

(()) m El (0 2Qffh m A/
_ - 3 - sin ma,

7C " 4lrEnc r,

cm Er (0)r, m - 2Rb cm(

01+) -mu. ,uO)A r 2R, "

J" m Im RQ to-f,~~~ Az/ )I cos(m- )
"" r - 167r(oc rc Rb a a

,+ 0 _ ____ 2 a - a sin(m- 1)o,sm r 167rine rc R- (9t¢

where

ro = 2rc e8Rb 2- 2 ,

and

xC Acoso R6 - ro.

It is apparent from Eqs. (8) and (9) that the toroidal correction term of Bc) is a

function of re. However, this term is multiplied by sin a(t) and therefore averages to zero

in a poloidal period.

In the limit (b - a) << a, the toroidal electric field Ep on the outer surface of the

chamber for a stationary beam has a relatively simple, closed form. At t = 0, Eo = 0 and

8



peaks within a few fast diffusion times r,. For a longer time, Eo decays to zero with rf.

This form of the electric field is consistent with the observed return current after the beam

injection. When the resistors at the gap are shorted the current measured with the external

Rogowksi coil s',ild rise at the same rate the beam return current decays. However, when

the resistors at the gap are not shorted, a portion (I,,) of the return current (IL) flows

on the outer wall of the chamber as shown in Fig. 4. Irl rises considerably faster because

the beam magnetic field can leak locally out of the resistive gap considerably faster than

it can leak out of a uniform chamber.

Results from the numerical integration of orbit equations are shown in Fig. 5. The

various parameters for the run are listed in Table I. Figure 5a shows the projection of the

centroid's orbit on the 0 = 0 plans. Both the intermediate and slow (bounce) modes are

apparent. Since there are six field periods between 0 < 0 < 27r, the electrons perform

six oscillations during one revolution around the major axis. To take into account the

intermediate motion that has been neglected in the calculation of the image 9,Ids. the

surface resistivity in the code is computed using the skin depth that corresponds to the

intermediate frequency and not the actual thickness of the wall.

The solid circles in Fig. 5b show the positions the beam crosses the 8 = 240 ° plane.

This is a realistic simulation of the experimental situation. The time difference between

two circles is equal to the period around the major axis, i.e., - 23 nsec. The parameters

of this run are similar to those in Fig. 5c and the similarity of the two orbits is quite

apparent.

There is some ambiguity, both in the experiment and theory, in the determination of

the beam trapping time, because its exact value depends on the position and size of the

target. However, this is not the case with TB, which can be measured very accurately. We

make four runs for different values of B0 keeping IsFIB = constant. Figure 2b shows

TB vs. Be for three of these runs. For all practical purposes rB remains constant as Bp

varies. In the fourth run Be was reduced to 2 kG and although the beam orbit changed

substantially 1p was lower only by 7%.

As a rule, the theory predicts a rB and rt, that are approximately a factor of two

shorter than those observed in the experiment. With the exception of these two times

the revised model of resistive trapping is in agreement with the experiment observations,

although in the anlaysis the beam current, remains constant while in the experiment the

current decays. This decay is observed whenever there is a target inside the chamber but

often is absent during the acceleration experiments when the various targets are removed.

9



Table I.

Parameters of the run shown in Fig. 5

Torus major radius ro = 100cm
Torus minor radius a = 15.2 cm
Relativistic factor y = 1.5

SF radius Po = 23.4 cm

SF current ISF = 24 kA
Vertical field at inj. Bo = 26G

Toroidal field Boo = 4 kG
Beam minor radius rb = 3 mm

Beam current Ib = 1.2 kA
Wall resistivity p = 8 mfl - cM

Intermediate freq. ww = 1.8 x 109 sec-

10



Figure Captions

1. Beam trapping time.

2. Trapping time reproducibility (a) and dependance of rtr and rB on Bo for constant

ISF/Bo(b).

3. Beam bounce period.

4. (a) Schematic of the vacuum chamber joint with the insulator in place. (b) Current

and gap voltage waveforms.

5. Beam centroid orbit from the numerical integration of the equations of motion, using

the image fields from the resistive shell model (a and b). Results from the experiment

(c).
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and 7B on B O for constant !sF/Bo(b).
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Fig. 3 - Beam bounce period
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Fig. 4 - (a) Schematic of the vacuum chamber joint with the insulator in place.
(b) Current and gap voltage waveforms
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Fig. 5 - Beami centtroid orbit from the numerical integration of the equations of motion, using the
image fields from the rcesktive shell model (a and h). Results from the experiment (c).
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